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ABTOpCKOe pe3tome

CocTtosiHue Bonpoca: lMpu aganTMBHOM ynpaBneHuu ¢ uaeHtTudukaumen uenecoobpasHo UCrnonb3oBaTb MapKOBCKME
napameTpbl HeonpeaeneHHbix cuctem. OgHako matemaTuyeckne MOLenNn, KOTopble B sIBHOM hopMe cofepkaT MapKoB-
CKkue napameTpbl yrnpaBnsieMblX MHOTOMEPHbIX AMHAMUYECKUX CUCTEM, MPAKTUYECKU HEU3BECTHbI, YTO 3aTPYyOHSAET pe-
LUEeHWe 3aayn CUHTe3a anropMTMOB CaMOOpraHM3auum B CUCTEMaxX YNpaBreHnsa u aenaeT NoucK TakMx Mogenen akty-
anbHbIM.

Martepuansi n Mmetoabl: /iIckomble MaTemMaTMyeckme Mogenu yrnpaBnsi€Mon CUCTEMbI NOMy4YeHbl METOAOM NOCreaoBa-
TenbHoro gnddepeHunpoBaHMs No BpeEMEHN BEKTOPA ee BbIXOOHbIX MepeMEeHHbIX C MPUMMEHEHNEM TeopeMbl MaMunbTo-
Ha-Kanu.

Pe3ynbTatbi: [N MHOromepHon ynpaBnsieMon OUHaMUYECKOW CUCTEMbl MOCTPOEHbI BUPTyarnbHble MaTeMaTuyeckue
MoAenu, KotTopble B iBHOM hopme coaepaT MapKoBCKUE NapameTpbl 3TON CUCTEMbI. DTN NapameTpbl OQHO3HAYHO CBS-
3aHbl C BHYTPEHHEW CTPYKTYPOM CUCTEMbBI U BNOJSHE ONpeaensoT BAMSHUE KYCOYHO-MOCTOSHHBIX YyNpaBneHui Ha ee Bbl-
XOAHblEe MepeMEeHHbIe U UX NPOM3BOAHbIE MO BpemeHn. MapkoBCKMe napameTpbl SBMSOTCA MHBAPMAHTaMU AMHaMu4de-
CKOWM CUCTEMBI K HEBBIPOXAEHHBIM NPeobpa3oBaHNsaM ee NepeMeHHbIX COCTOSHUS.

BbiBoAabl: MonyyeHHble pe3ynbTaTbl CBMAETENBLCTBYIOT, YTO MApPKOBCKME NapamMeTpbl CUCTEMbI OOHO3HAYHO CBsi3aHbl C
€e BHYTPEHHEW CTPYKTYPON 1 BMOMHE ONPeAenstoT BNUsTHUE KYCOYHO-NMOCTOSIHHbIX YNPaBeHnii Ha BbIXOAHbIE NEPEMEH-
Hble CUCTEMbI 1 UX MPOU3BOAHbIE MO BPEMEHU, a TakkKe SABMAITCA UHBapUaHTaMn AMHAMUYECKON CUCTEMbI K HEBbLIPOX-
OeHHbIM Npeobpa3oBaHUsIM ee NepeMEHHbIX COCTOsiHUA. MapKoBckue napameTpbl MOTyT NPUMEHATLCA ANs NpeacTaB-
NeHNst MaTemMaTUYeCcKnx Mogenen, uccnefoBaHnst CBOMCTB U MAEHTUMKALUM yNpaBnsieMblX CUCTEM.

KnioueBble cnoBa: cucTema yrnpaeneHusi, naeHTudukauusi, Matematnyeckasi Mogesb, MapkoBCkue napameTpbl, MHBa-
pUaHTHOCTb.
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Abstract

Background: It is efficient to use the Markov parameters of uncertain system while the adaptive control with identifica-
tion. However, the mathematical models with the Markov parameters of the controlled multivariable dynamic systems are
almost unknown. It makes difficult to solve the synthesis problem of self-organization algorithm in control systems and
does the search of such models urgent.

Materials and methods: The required mathematical models of the control system are received by means of the method of
successive differentiation according to vector time of its output variables with the usage of the Cayley—Hamilton theorem.
Results: The virtual mathematical models which contain the Markov parameters are developed for the controlled multi-
variable dynamic systems. These parameters are directly connected with the system internal structure and define the
influence of piecewise constant controls on its output variables and their time derivatives. The Markov parameters are
invariants of the dynamic system to nondegenerate transformations of its state variables.

Conclusions: The received results prove that the Markov parameters of the system are connected with its internal struc-
ture and define the influence of piecewise constant controls on its output variables and their time derivatives. The Markov
parameters can be used for mathematical models implementation, research of characteristics and identification of con-
trolled systems.

Key words: control system, identification, mathematical model, Markov parameters, invariance.

BBepeHne. B HacTosiwee Bpema ans
yrnpaBneHus CroXHbIMU TEXHUYECKMMU CUCTEMA-

HU3ywuinecda Cuctembol, Ond (byHKLI,I/IOHVIpOBaHVIﬂ
KOTOpPbIX Tpe6yeTc;| MUHUMaArnbHaa anpuopHasa

MU BCE Yalle NPUMEHSAIOTCA aganTUBHbIE CUCTE-
Mbl ynpaBneHus, KoTopble co3gatotcss 6e3 wuc-
Monb30BaHNs anpUOPHO ONpeAeneHHbIX Mogenewn
[1]. B pabotax akagemuka A.A. KpacoBckoro no-
Ka3aHo, YTO OOHUM M3 Hambonee 3dPEKTUBHBIX
TMNOB adanTMBHbIX CUCTEM SIBNSAKOTCA camoopra-

nHpopmaums o6 obbekTe ynpaBneHus, Npu4emM
camoro obuiero nopsigka [2].
CamoopraHmaytowlasaca cuctema c  yHk-
LUMOHanbHOW (CTPYKTYPHOW) aganTtauven umeet
bonee BbICOKNA «YPOBEHb MHTENNEKTYaNIbHOCTUY,
YyeM cuctema C napameTpuyecKkon agantauuen, u
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OTNINYAETCH HaNMYMeM MOLLHOTO BbIMMCIIMTENb-
Horo komnnekca [3, 2]. MNocnegHee obycnoBneHo
TeM, 4YTO B npouecce PYHKLUMOHUPOBAHUSA Camo-
OpraHmsyoLLlenca cuctembl obpabaTbiBaeTcs B
peanbHOM BpPEMEHM O4YeHb Gonblion 0O6beEM WH-
dhopmaumu, npexage Bcero, B Lensax hopMmmpoBa-
HWsi onepaTMBHOW, afgeKBaTHOWM MaTeMaTU4eckown
MOAEenn ynpaensieMon CUCTEMbI, @ Takke peLle-
HUA 3a4a4 OLIEHKN BHELLHUX YCIOBUWA, BHYTPEHHE-
ro COCTOSIHUSA CUCTEMbI, (POPMUPOBAHUS 3aKOHa
ynpasrneHus n ero ontummusauuu [4, 5, 6].

PelueHunto 3agayn cuHTEe3a aganTUBHbBIX CUC-
TEeM ynpaBrneHus NOCBALLEHO OOMbLUOEe KOMNUYECT-
BO pabot [1, 7-10]. B 6onblUMHCTBE TPagULMOH-
HbIX METOOOB CMHTE3a adanTUBHbIX CUCTEM
npegnonaraeTcs, YTO NOPSAOK OObekTa U3BECTEH
anpuopu 1 He U3MeEHsIETCs B npoLecce (PyHKLMO-
HUpoBaHusA. HepoctaTkm TpaguUMOHHBIX agan-
TMBHBIX CUCTEM MOAPOBOHO pacCMOTPeHbl akage-
mukom A.A. Kpacosckum B pabote [2], roe noka-
3aHo, uTo Gonee Lenecoobpa3Ho paccMmaTpMBaTb
3agayy CuHTe3a aganTUBHOW CUCTEMbI B Npeano-
MNOXEHUN, YTO U MOpPSJOK, U MOAENb Heonpene-
MNIEHHOW YMNpaBnsieMON CUCTEMbl anpuopu Heus-
BECTHbI. IMEHHO B 3TOM criyyae cucrtema ynpas-
neHus AomkHa 6bITb CaMOOpPraHM3yHoLLIENCS.

B ncxogHoM coCcTosHUMM B CamMOOpraHunayto-
LLencs cMcTeMe OTCYTCTBYET ynpaBndAoLas Yactb
B BuAE HEKOTOPOro 3akoHa Wnn anropytMma ynpas-
nexus. dopmanbHO, B UCXOOHOM COCTOSIHUM B Ta-
KOM CUCTEME WMEIOTCA: yrnpaBnsemasa cuctema,
usMmepuTenbHaa noAacuctema, YCTpoucTBa And
OKasaHusl ynpaBnsioLWMX BO3OENCTBUN, a Takke
cpefcTea, peanusylolme anroputMm CamoOopraHu-
3aumun. [Npu BKMOYEHUM CUCTEMBI B pe3ynbTarte
paboTbl 3TOro anropMtMa B pearibHOM BpPEMEHU
aBTOMaTU4eCKM hopMmnpyeTcsl 3aKkoH yrnpaBrieHus
(onpepensitoTca ero CTpykTypa M napameTpbl), a
TaKKe COOTBETCTBYIOLMIA anropuTM yrnpaBrieHns 1
nporpamma ero peanusauum.

Kak n3BecTtHO, Ans hOpMMPOBaHUA 3aKoHa
ynpaBneHus Heobxoguma Mofenb yrnpaBnseMon
cuctembl. IMEHHO NO3TOMY B CaMOOpraHu3syo-
Lenca cucteMe Bcerga ocyllecTBnsieTcs npo-
uecc naeHtTudukaumm B pearibHOM BpEMEHM.

B Hawem vccnepoBaHuM Ons pelleHus 3a-
Jaun vaeHTnduKaumm npuBreKaTca Tak Hasbl-
BaeMble MAapKOBCKME MapameTpbl OUHAMUYECKMX
cuctem [11-13]. Kak Oyget nokaszaHo Hwxe, aAnd
MONMHOW NWHENHOW AWHAMWYECKOW CUCTEMBbI Xa-
pakTepHa OAHO3HAa4yHas CBA3b MeXAy MapKoB-
CKMMW napameTpamu, C OOHOW CTOPOHbI, U ee
CTPYKTypour, ¢ apyron. [Npnyem mapkoBckue na-
pamMeTpbl CUCTEMbI CTOSb K& TECHO U JOCTaTOYHO
NPOCTO CBS3aHbl C peakunen NMMHENHON CUCTEMBI
Ha HekoTopble BXOAHble BO3AencTBus. MMeHHO
aTn pakTbl 0OyCrnoBNMBalOT MPUMEHEHNE Map-
KOBCKMX MapameTpoB 411 pPEeLIeHUs 3adayn CuH-
Te3a CaMOOPraHM3YLNXCA CUCTEM YNpaBIieHUs
CMNOXHBIMW, TEXHUYECKUMWN CUCTEMAMWN B YCITOBU-
X HeonpeaeneHHOCTU.

UcTopusa Bonpoca. MapkoBckue napamet-
pbl MCMOMb30BanNnCb U3BECTHLIMU PYCCKUMMU y4e-
HbiMu T1.J1. Yebbiwesbiv n A.A. MapkoBbIM B CBSI-
31 C UCCMNEeOOBaHMEM Pa3NOXEHNS paumoHanbHbIX
apoben B psgbl NO OTpUUATENbHbIM CTEMNEeHAM
aprymeHta [11]. ®.P. NaHTmMaxepom 6bino noka-
3aHO, YTO MapKOBCKME MapameTpbl TECHO CBA3a-
Hbl C npobnemon uccnegoBaHUSA YCTOMYUMBOCTU
pelleHun NMHenHbIX AnddepeHunansbHbiX ypas-
HEHWIA.

Onsa peweHusa 3agayun maeHTUdmkaLmm map-
KOBCKME napaMeTpsbl, NO-BUAMMOMY, BriepBble UC-
nons3oBanuck b. Xo, KoTopbI Npeanoxun anro-
pUTM MOEHTUMUKALUN OUCKPETHBIX CUCTEM MO
MMNyNbCHOW nepexogHon martpuue [12, 14]. Oga-
HaKo 3TOT anropuTM He Hawen MnpaKTUYecKoro
NMPUMEHEHUS U3-3a CIOXHOCTEN (HOPMUPOBaHUSA
aenbTa-dpyHkumn. B pabote [13] npeanoxeH 6o0-
nee adMEKTUBHBIN anroput™M naeHTudmkaumm
HenpepbIBHbIX OOBEKTOB HAa OCHOBE MAapKOBCKMX
napameTpoB. JTOT anroputM ocobeHHO yaoGeH
ana peanusaumy B UndpPOBbLIX afanTUBHbLIX CUC-
Temax ynpaBneHus. B yacTHOCTW, OH MCMNOMb30-
Barncs B pabote [15] ons NocTpoeHnsa anropuTMm-
yeckoro obecneyeHuss CcamoOpraHM3yLLErocs
ONTUManbHOro perynartopa C 3JKCTpanonsumen
(COPQ), npuHUMN paboTbl KOTOPOro MpPeAnoXeH
akagemukom A.A. Kpacosckum [2, 16].

Hwke paccmoTpuMm onpepeneHne MapKoB-
CKMX MapamMeTpoB MHOrOMEpPHbIX CUCTEM, BBEAEM
crneumanbHyto opMy MaTtemaTuyeckon Moaenu
Takux CUCTEM, YpaBHEHUs KOTOPOW ABHO coaep-
XaT MapKoBCKMe napameTpbl. JTO MO3BONUT YC-
TAHOBUTb CBSA3b 3TUX NMapaMeTpOB C BHYTPEHHEN
CTPYKTYpOM cucTeMbl. BaxHbIM CBOMCTBOM Map-
KOBCKMX MapameTpoB SABMSETCS WX WMHBapuaHT-
HOCTb Kk bopme MpedcTaBreHuss Mogenu cucre-
Mbl. OTU CBOMCTBA MapKOBCKMX MapameTpoB Au-
HaMWYECKMX CUCTEM JenaroT pearibHON BO3MOX-
HOCTb OnepaTMBHOM MAEHTUdMKauuM ynpasnse-
MbIX CMCTEM, HEOBXOAMMON ANS CO3haHus camMo-
OpraHu3yHLLMXCH CUCTEM yrnpaBrneHus, B 0CObeH-
HOCTW, CMNOXHbIMW pacnpeferieHHbIMU cUcTema-
MW, Hanpumep rpynnamu poboTOB UNnM 3Hepro-
cucTtemMamu.

MapkoBckune napameTpbl. PaccmoTpum
NIMHENHYI0 HEenpepbIBHY AMHAMMWUYECKYHO YMpaB-
NSeMyl0 CUCTEMY C HECKOMNBbKMMW BXOZAMU U He-
CKONBbKMUMW BbIXOO4AMW, ypaBHEHUS KOTOpPOM B ne-
PEMEHHbIX COCTOSIHUSI UMEIOT CreayoLwWwmnn BUA;
x=Ax+Bu, y=Cx+Du, (1)

rne x e R" — BEKTOp COCTOSAIHUSA pPa3MepHOCTU N;
u € RY— BeKTOp ynpaBrneHuit; y e R' — BekTOp BbI-
XOAHbIX NepemeHHbix cuctembl; A, B, C, D — uun-
CNnoBble MaTpuLbl COOTBETCTBYIOLLUX pa3MepHo-
CTen.

B cooTBeTcTBMM C onpeaeneHuem [11, 12, 15],
MapKOBCKME NapameTpbl ANHAMUYECKON CUCTEMBI
(1) — aTo BenuuMHbI, onpedensemble Bblpaxe-
HUAMMN
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u=dj;, py=CGA" B/, v=123, .., 2)

roe dj— anemeHTbl matpuupbl D; C;in B — cTpoku 1
cton6upl matpuy, C un B cOOTBETCTBEHHO.
lMogyepKHEM, YTO 4YMCO MAPKOBCKMX Na-
pamMeTpoB HE OrpaHW4yeHo npu fbdoM nopsiake
cucTembl. M3 BblpaxeHui (2) crnegyeT, YTo B Chny-
Yae MHoromepHbix cuctem (1) yoobHee onpepe-
NSATb HE CaMM MapKOBCKWE MapameTpbl, a MaTpu-

Ubl MapKOBCKUX mapameTpoB MP =[ul]le R no
Hjj

dopmynam
M° =D, M"=CA" B, v=123,... (3)

MapkoBckue napameTpbl U CTPYKTypa
cucteMsbl. B Liensx ycTaHOBNEeHNsa CBA3M MapKoB-
CKUX napameTpoB cuctembl (1) ¢ ee CTpyKTypoWn
paccMOTpMM peakumio cuctembl (1) Ha KyCOYHO-
MOCTOSIHHbIE yMNpaBnsaLIne BO3OENCTBUS, NPUHAB
cnegywowue gonyuweHusa. bygem cumtatb, uTO
HenpepbiBHasi cuctema (1) AaBNAeTCs NOSHON, T.€.
MOMHOCTBLIO YNPaBiiEMOW W MOSHOCTbIO Habmto-
naemon [17], a ee BekTOp ynpaBneHun u = u(t)
SABNSETCA BEKTOPOM KYCOYHO-MOCTOSAHHbIX (DYHK-
unn, T.e. U, = u(kT), rae k=0,1, 2, ..., T — nepu-
0of, KBAHTOBaHWSA MO BPEMEHM BeEKTOopa yrnpasne-
HUR u(t). Fpadnkn nameHeHusa ynpasneHns ut) n
OOHOW M3 BbIXOAHbIX BENWYMH y; = y{(t) cncrtemsl
(1) B 06LLEM Ccnyyae nNpuBegeHbl Ha puc. 1.

[ns ynobectea BBEegem cnegyouime obo3Ha-
yeHus: y(t)=y(k|t), x(t)=x(k|t) npn t =KT +1,
te(0,T), y(k|0)=limy(t) npu t — kT (cnpasa),
n y(k|T)=limy(t) npu t — (k + 1)T (cnesa).

Kak unsBectHo [14, 17], B kayecTBe nepe-
MEHHbIX COCTOSIHUSA BCerga nNpuMHMMaloTCs Henpe-
pbIBHbIE BEMWYMHbI, MO3TOMY MMEET MECTO oue-
BMAHOE PaBEHCTBO
x(k|0)=x(k-1|T), k=0,12,... . (4)

B 1O e Bpems BbIXOAHblE MNEPEMEHHbIe
yi(t) cuctemsi (1) unn ux npoussogHsie d'y;(t)/dt’
Nno BpPeMeHMU i=1,_/, (=12,..., B obwem cny4yae
MOryT UMETb Pas3pbiBbl MPU KYCOYHO-NOCTOAHHOM
ynpaBneHuu, eciu, HanpuMmep, U, # Ujy_4.

OencteutenbHo, avddepeHUnpys BeEKTOp-
dyHKUMO y(t)=Cx(t)+ Du(t) no t npn t=kT , no-
nyyum:  y(t)=Cx(t)+ Du(t) = CAx(t)+ CBu(t), TakK
Kak u(t)=0 npu t=kT. BBogs o6o3HauyeHus:
y(t)=yO(k]7); y(t)= (k]| x) My
yU )=y (k|1), roe te(0,T), £=12,..., Hail-

AeM, YTO /-BEKTOP NMPOM3BOAHBIX /-r0 Nopsiaka oT
BekTopa y(f) onpegensieTcs BblpaXXeHnem

y (k| t)=CA x(k | t)+ CA"'Bu(k | 1)

nnu ¢ y4eTom o603HayeHus (2)

y (k| t)= CA x(k | 1)+ M‘u, (5)
npuscex (=0,12,..., k=0,12,....

| >

(k+2)TI t
|

|
|
: (k+1)T,
Yi A | |
|
|
|
|

V(KO = ===~ -
Vik=AT) |F--- ==

A 4

|
|
|
|
|
0 KT (k+10)T (k+2)T

Puc. 1. Mpaduvkn nameHeHus ynpasneHus uf) n ogHom us
BbIXOAHbIX BEMIMYUH Y; cuctembl (1)

M3BecTHO, YTO Kaxaasl BbIxogHas Benuyu-
Ha AMHaAMWYEeCKOW CUCTEMbI N-ro nopsiaka mmeet
niwe n — 1 He3aBUCUMYIO NPOU3BOAHYIO MO Bpe-
meHun [14, 18]. MoaTtomy m3 (5) ¢ y4eToM BTOpOro
ypaBHeHus (1) n Teopembl MamnneToHa-Kanu [11]
BblTEKAET MpoCTenLlas BEKTOpPHass MoAeNb AuHa-
MUYECKMX CUCTEM MNpPU  KYCOYHO-NMOCTOSIHHOM
yrnpaBrneHuun:

Ok 1)=y"* k1), £=0,n-2,
n-1

(k| 1)= Zagy“ (k|t)+M'uy,
=0

y(kl7) =y (k] ), (6)
rae o, — KoadULMEHTLI XapaKTepUCTUHECKOrO NoMnu-
HoMa
A(p) = det(pE - A)
Tembl (1). MNogyepkHeM, 4TO 30eChb y(’)(k |t) —aTo
I-BekTOp-cTONGEL, T.€. YypaBHEHUs (6) onuchiBalOT
/ cuctem ¢ 0gHMM BbIXOAOM U § BXO4AMU KaxKaas.
OpHako ypaBHeHusi (6) HeuenecoobpasHo
ucnonb3oBaTb OJ19 OonNucaHusa cuctembl (1), Tak
KaK BEKTOpPbl MPOU3BOAHbLIX y(”)(k|r) B (6) moryT
UCMbITbIBaTbL CKayku npu t=kT . [encTButensHo,
n3 (5) c yyetom (4) umeem
Ay k) =y Ok 10) -y Uk -1 T) =MDy, (7)

roe Ay')(k) — ckayok (- NPOM3BOAHONM Mpw

=o,p" +0a, p" " +ap+a, cuc-

t=kT,ecnn Au, =u, —u, 1#0 u M #0.
OTOT e BbIBOA CriedyeT M 13 aHanuaa rpa-
VIKOB, NPUBEAEHHbIX Ha pUC. 1 U COOTBETCTBYO-

wux cucteme ¢ pd 0. Mpn t = kT ut = (k + 2)T

ynpasneHue uff) UMeeT ckayku, NO3TOMY M Bbl-
xogHasa BenuunHa y(f) npu t = kT n t = (k + 2)T
nmeeT paspbiBbl. B 10 e Bpemsa npu t = (k + 1)T
ynpasneHue uif) He vMeeT ckauka, MoaTomy W
BbIxogHasi BenmunHa y(t) npu t = (k + 1)T He nwve-
€T paspblBa.
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VIMeHHO B cury 3TOro ypaBHeHus (6) Henb3s
NCMoNb30BaTb KaK ypaBHEHUS] B MEPEMEHHbIX CO-
CTOSIHUS AMHAMMWYeCKMX CUCTeM, Tak Kak nepe-
MEHHbIE COCTOSIHUSl, Kak OTMevanocb Bbllle,
OOMKHbl ObITb HenpepbiBHbIMU (DYHKUUSMU Bpe-
MeHu. lMoaTomy fanee B kayecTBe HOBbIX Mepe-
MEHHbIX COCTOSHUS MoOAenen HeonpeaeneHHbIX
cucteM Tuna (1) UCNonb3ylTCA HenpepbiBHLIE Ne-

pemeHHble z' =C,A'"'x, i=11, unu cocTaeneH-

Hble 13 HUX -BekTopbl z' = CA’~'x , uncno koTopbix

Takke He orpaHuyeHo npu nwodom n [15].
B cootBeTtcTBUM C BblpaxeHnem  (5),

l-sexTopbl z' MOXHO TaKke onpeaennTb cre-
AYOLMM PaBEHCTBOM:

2 (k| 7) =y k) - My (8)

OnddepeHumpyst o6e vactn paBeHcTBa (8)
no spemeHu npu 0<t<T W y4uTblBad, 4YTO Mpu
aToM U, =0, nony4mm
2Tk |7 =y" kI =ylk €], e Q).
C yuyeTom (5) BbIBOAUM
2'(k|t)=CA"'x(k | 1)+ M'uy.

OTO ypaBHEHME C y4eTOM onpeneneHns

l-sexTopos z' 3anuceiBaeTca cneayomm obpa-
30M:

(k1) =2"k|1)+ My, (9)
roe (=0,12,..., k=0,12,....

Ecnm z'(k|t) — 3TO BEKTOpHbIE NepemeH-
Hble COCTOSIHUSI CUCTEMbI v-rO nopsaka, To Nullb
V BEKTOPHbIX NepemeHHbIx z'(k|t) SBnsawoTcs He-

3aBucuMbIMK. [MoaToMy BTOpoe ypaBHeHue (1) n
ypaBHeHue (9) MOXHO NpeacTaBuTb CREayHLLMM
obpasom:

y(k|t)=2"(k| )+ M, (10)
Z(k|t)=2"k|t)+ My, £=1v-1,

v=1
2'(k|t)==> 0,2 (k| 1)+ M"uy, (11)
i=0
roe o,; — KoadPUUNEHTbI XapakTepucTU4ecKoro
nonvHoma cuctembl (10), (11). ObpaTtum BHUMa-
HWe, 4TO 3[ecCb YypaBHEHWe BbIXxo4a 3anucaHo
nepBbiM, NPUYEM OHO ABMNSETCA €OMHCTBEHHLIM
ans Bcex cuctem (11) pasnuuHbIX noOpsOKoB
v=123...

Cuncrema (10), (11) npn BEKTOpPHLIX nNepe-
MeHHbIX cocTosiHust z' =CA'x umeeT cnepyio-
WM BUA;
y=[E O O
roe BeKTop

1T o1 T T
z,(k|t)=[2" (k|r) z°"(K|t) ... z'" (k|7
ABNSAETCA peLleHneM CUCTEMbl YypaBHEHWUI

Olz,(k|)+Mu,, (12)

) E @) @)
) @) E 0]
z,(k|t)= : x
) 0] 0] E
—a,0E —oE -oanE ... -a,, 4E
M 1
M 2
xZ,(k|T)+| (U
M-
L M ¥ _

(13)
3necb O — HyneBas (Ix/)-matpuua, k=0, 1, 2,...,
v=1,23,....

XoTs no BHewHeMy Buay cuctema (12), (13)
coBnagaeT ¢ 0OblYHbIMW YpaBHEHUSIMWU OUHAMU-
YEeCKUX CUCTEM B MEPEMEHHbIX COCTOSIHWA TUna
(1), Ha camoM gene 3TV ypaBHEHUSI OQHOBPEMEH-
HO onucbiBaloT | CUCTEM C OOHWMM BbIXOAOM M q
ynpaBneHUsMu.

Kaxgas u3 atux cuctem MMeeT CKamnsipHyHo
BbIXOZHYH MEePEMEHHYI0

yi=yikln=[1 0 .. O]z,(k0)+Mu,,  (14)
roe M?— i-a cTpoka matpuubl M MapkoBcKux
napamMmeTpoB pf-j’-; zv,-(k|r)— OObIYHBLIN v -BEKTOP

;
COCTOSHMS zv,(k|r):[z}(k|r)z,2(k|r)... z,.V(k|c)J ,

KOTOpbIN onpefenseTcs pelleHneMm creaytoLuen
cuUCcTeMbl ypaBHeHUn B oopme Kowuum:

0 1 0o .. 0
0 0 1 0
ZW-(kl‘t): : : ’ : x
0 0 0 1
—Oyg Oy —Qyo _av,v—1
o (15)
M
xZ,i(K|D)+| 1 (U
M}
L M7

3pecb M — i-a cTpoka MaTpuubl M MapKOBCKMX

napameTpoB puj,v="1v; i=11.

B HekoTOpbIX Cny4yasix MHOrOMepHasi cucTe-
ma, Hanpumep, Npu UccreaoBaHUN ee CBOMUCTB UMK
naeHTUdUKaLUUM  MoABepraeTca  BO3AEWNCTBUIO
TONbKO OOHOrO CKanspHOro yrnpasneHus. MNpv aTom

B ypaBHeHusx (12), (13) u, =[0...uj, .07, Te.

TONMbKO OJHa j-Si KOMMOHEHTa BeKTopa ynpaeeHwit
He paBHa Hymto. MNpu 3TOM KOMMOHEHTbI BbIXOAHO-

ro /-eektopa y(k|t) nmpeacTaBnsoT coboo peak-
LMW BCcexX KaHamnoB CUCTEMbl Ha YynpaensioLlee
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BO3JeNncTeme u;. B aTom cnyyae cuctema ypasHe-
HuI (12), (13) NnpyHUMaEeT cneayoLwmi B1Ua;

y(k|1)=[E O O O]z, (k|t)+Mu;,  (16)

(0] E (0] (0]

o] 0} E O
2(kr)=| : S

(0] (0] 0] E

avOE _o“v1E (X‘VZE OLv,v—‘1E

_ 1

M;

2

M3

v-1

M;

;|

(17)
3pecb M — j-ih cTonGey matpuubl M° mMapkos-

CKMX NapaMeTpoB ;; , v = 1v; j=1q.

MonyyeHHble BbipaxeHus (10)—(17) dakTnye-
CK/ SBNSIOTCA YpPaBHEHUSMU B MEPEMEHHbIX CO-
CTOSIHUA MHOTOMEPHbIX YrpasnsemblX AWHaMu4e-
CKMX CUCTEM Vv-TO Nopsiaka, NpudyemM nopsigok 3Tux
cucteMm v, BOOOLLEe roBopsi, MOXET MMETb MPOU3-
BONbHOE 3HadveHue. [pn 3TOM ypaBHeHUs coaepxat
B SIBHOW (hOpMe MapKOBCKWE MapameTpbl.

BecbMa BaXkHO, YTO BCe 3TU CUCTEMbI Haxo-
OATCA  NoA4  BIMAHWUEM  TeX JXKe  KyCOYHO-
MOCTOAAHHBLIX  yrpaBneHun u, =u(k|t)=Const,

te(0,T), 4TO M paccmatpuBaemass Heonpege-

nexHas cuctema (1). MNMpu 9ToM BbIXOAHLIE Nepe-
MeHHble y(f) cuctem (10)—(17) B ANCKpPETHbLIE MO-
MeHTbl BpeMeHun KT coBnagalT CO 3Ha4YeHWsaMM
COOTBETCTBYIOLUMX BbIXOAHbLIX MepeMeHHbIX Yi(f)
HeonpegeneHHow cuctemsbl (1) npu Bcex i=1/1 n
k=0,1,2,....

Opyrumn cnosamu, Bce 3TU cuctembl Gop-
ManbHO onuceiBaoT cuctemy (1) u, cneposa-
TenbHO, ABMATCH ee ModensaMu. Tak Kak cucte-
Ma (1) umeet nopsgok n, a cuctemol (10)—(17)
UMEIoT pasnuyHble NopsakM, TO OHU HasbiBalOTCA
BMPTYarnbHbIMWU MOAENAMU HeonpeaeneHHon cuc-
Tembl (1) [15].

YpaBHeHNs 3TUX BUPTyanbHbIX MoAenen,
Hanpumep, npu | = q = 1, T.e. NpN CKanNApPHbLIX ne-
pemeHHon y(f) n ynpasnenun u(tf), n npu v = 3, 4
MOXHO 3anucaTb cnegytoLmm obpasom:

npuv =3

1.0
y=Z +puy,
z'1:zz+u1uk,

(18)
2=+ uzuk,

npuv =4

1,0
Y=z + U,

2=+ u1uk,

=2 pzuk,

B p3uk,

(19)

OueBngHO, NpuM v = n Kaxgas u3 cuctem
ypaBHeHun (10)—(13) n (14)—(17) akBMBaneHTHa
cucteme (1). OTMETUM, YTO B 3TOM Cryyae BEKTO-
pbl X U Z CBA3aHbl HEKOTOPLIM NpeobpasoBaHNeEM
nogobua z, = z, = N,x, rae matpuua N, cocTtas-
nseTcs U3 CTPOK MaTpuubl HabngaemocTn cuc-
Tembl (1). CnepoBaTtenbHo, npeobpasoBaHue
Z, = Npx aBnseTcs HEeBbIPOXAEHHbLIM, a BUPTY-
anbHble Mogenu (10)—(17) npn v = n 3KBUBAnNeHT-
Hbl cucteme (1) TOnbLKO B TOM cry4ae, Koraa cuc-
Tema (1) nomHocTblo Habnopgaemas [17]. 3To
BMNOSIHE €CTECTBEHHOE YCIoBWe, TaK Kak ecnu
cucTemMa He MNOMHOCTbI0 Habniogaemasi, TO HeKo-

Topble nepemeHHble z/ =C,A"'x He ByamyT co-

aepxaTb WHOpMauMM O MOBEAEHUN €€ HeHa-
6nogaemon yacTu.

MopuepkHeM Takxke, 4YTo U3 (8) cneayerT, 4TO
ecnm u, =0, k=0, 1, 2,..., TO NEPEMEHHLIE CO-
cTosHUSA z{ BUPTyanbHbIx Moaenen (10)—(17) a.-
nawTca (¢ -1)-Mn NPOU3BOAHLIMU MO BPEMEHMU
BbIXOAHOW nepemeHHon yi(f) obbekta ynpaene-
HWUs. JTO, OYEBUOHO, HE MPOTUBOPEYUT YyKa3aH-
HOMY BblLLE CBOWCTBY HENpepbIBHOCTU NepemeH-
HbIX COCTOSIHUSA, Tak Kak npn U, =0, k=0, 1, 2,...,
HW BbIXOAHasi NepeMeHHasi CUCTeMbl, HU Bce ee
Npou3BOAHbIE MO BPpEMEeHN He OyayT umeTb pas-
pbiBoB Npu BCex £ > 0.

W3 ypasHeHun (10), (11) n (12), (13) cneay-

€T, B 4aCTHOCTM, YTO MapKOBCKME napameTpbl

ONpPeaensioT Kak BHYTPEHHIO CTPYKTYpYy cuUcTe-
Mbl, TaK U BMMSIHWE KYCOYHO-NMOCTOSHHOIO ynpas-
NEHNs Uy Ha BbIXOAHbIE NepeMeHHble CUCTEMbI U
MX MPOU3BOAHBIE MO BPEMEHM.

Hanpumep, ecnm no OTHOLLIEHMIO K HEKOTOPOM
opgHomepHon (I = g = 1) cucteme (1) U3BECTHO, YTO
n=3, 0=pu"=0,a p?=0, p® =0, 10, B COOTBET-
CTBMU C BbIpaxeHusmu (18), MoxHO yTBepxaaThb,
YTO CTPYKTypa 3TON CUCTEMbI 3KBMBANEHTHa Tpem
nocriegoBaTtenibHO BKITOYEHHBIM MHTErpaTtopamM ¢
NpsAMbIMU 1 0OpaTHLIMK CBA3AMU (pUC. 2).
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Puc. 2. CTpykTypHas cxema cuctemsl 3-ro nopaaka npu p’ =pu' =0

mp?=0, p®=0

LLITpUXOBLIMY NIMHUSIMW HA pUC. 2 NOKa3aHbI
CBSI3W, KOTOpPblE MMenu Gbl MECTO B [aHHOW cuC-

Teme, ecrm 66l 1® 20 u p' = 0. CornacHo cxeme

puc. 2, MNpu KYyCOYHO-NMOCTOSIHHOM YyMpaBrneHun
U = ux nepemeHHas y(f) n ee npomssogHas Mo

spemern y()(t)=dy(t)/dt sBRsIOTCS HenpepbIs-
HbIMW (PYHKUMAMM BpEeMeHW, a NpousBoAHble Mo
Bpemenun y2(t)=d?y(t)/dt?> n y®(t)=d3y(t)/dt®
nmeroT paspbiBbl npu t = KT, ecrin uy, = u,_4. MNpn
9TOM OTHOCUTENbHbIA NOPSAOK W AAHHON CUC-

TeMbl paBeH ABYM, TaK Kak Mnaglen npovsBoa-
HOW MO BpPeMeHW OT BbIXOOHOW nepemeHHon y(f),
Ha KOTOPYI HEenocpeaCcTBEHHO BMUSIET ee BXOA-
HOe BO3[EeNCTBNE — yNpaBneHue U = U, ABNseTcs
BTOpas npoussogHas [17]. N3 aToro crneayeT, 4To
OTHOCUTENbHbLI MOPAOOK HEKOTOpPOro KaHana
MHOFOMEpPHOW CUCTEMbI BCEraa paBeH MHOEKCY He
paBHOro HymM MMagwero MapkoBCKOro napamer-
pa 3Toro KaHana.

MapkoBckue napameTpbl — MHBapuaHTbI
ynpaBnsieMbIX CUCTEM. Tak Kak MapKoBCkue na-
pameTpbl onpeaensitoT BHYTPEHHIOW CTPYKTYpy
ONHaMUYECKUX CUCTEM, TO OHU ABMSIOTCA CTPYK-
TYPHLIMW MHBapuaHTaMu OTHOCUTENbHO HEBbIPO-
XOEHHbIX npeobpa3oBaHuii nepemMeHHbIX. [oka-
XeMm aT0. [NpeanonoXxum, BEKTOP COCTOSIHUS CUC-
Tembl (1) NOABEPrHYT HEBLIPOXAEHHOMY MpPeob-
pasoBaHuio, T.e. X =Px, npuyem detP =0. Kak
nssectHo [11, 17], B 3TOM cryyae HOBble ypaBHe-
HUsi cucTembl (1) NPUHUMAIOT CreayLWwnn BUA;

%=A%+Bu, y=C%+Du, (20)
roe
A=PTAP, B=P7B, C=CP, D=D.  (21)

O6o3HauMm MaTpuubl MapKOBCKMX napa-
MeTpoB cuctemsl (20) kak M" . Toraa us nocneg-
Hero paBeHcTBa (21) n onpegeneHus (2) cnegyer,
yto M°=M°, a M* =CA"B.

MoacTaBnss B BblpaxeHne MY =CA"'B
paBeHcTBa (21), byaem nmeTb
M'=CB=cPP'B=M",

M? =CAB =CP(P~'AP)P~'B = CAB = M?.
AHanormnyHo npu v=3,4,...:

M® =CA "B =CP(P'AP)...(PT'AP)PT'B =CA"'B = M".

U3 atoro cnenyet yTBepxaeHue, 4To MapKoBCKMe
napameTpbl, OEeNCTBUTENBHO, ABNAOTCSA MHBapu-
aHTaMn AMHaMU4eCKnX CUCTEM.

3aknroyeHue

MMony4yeHHble pe3ynbTaTbl CBUAETENbLCTBY-
0T, YTO ANS KaXaon OUHAMUYECKOW CUCTEMBI
ynpasrieHna MOXXHO HanTK HeorpaHn4eHHoe 4uc-
N0 MapKOBCKMX napamMeTpoB. JTW napameTpbl
ABNAIOTCA CTPYKTYPHbIMU MHBapuaHTamu cucrte-
Mbl yMNpaBfeHus U OOHO3HAYHO OnpefensioT ee
CTPYKTYPY W CTEMEHb BAUSHUSA BXOAHbLIX KYCOYHO-
MOCTOSIHHBLIX YNpPaBIieHW Ha ee BbIXOAHbIE nepe-
MEHHbIE M COOTBETCTBYHLLUNE MNPOM3BOLHbLIE MO
BPEMEHW MOCNeaHNX.

UccnedosaHue ebirnosiHeHo rnpu noddepxke POOU
(epaHm Ne 12-08-90050-ben_a).
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